Abstract. The branching space of a flow is the topological space of germs of its nonconstant execution paths beginning in the same way. However, there exist weakly Shomotopy equivalent flows having non weakly homotopy equivalent branching spaces. This topological space is then badly behaved from a computer-scientific viewpoint since weakly S-homotopy equivalent flows must correspond to higher dimensional automata having the same computer-scientific properties. To overcome this problem, the homotopy branching space of a flow is introduced as the left derived functor of the branching space functor from the model category of flows to the model category of topological spaces. As an application, we use this new functor to correct the notion of weak dihomotopy equivalence, which did not identify enough flows in its previous version.
Introduction
The category I gl + cell of I gl + -cell complexes (cf. Definition 2.13) is a subcategory of the category Flow of flows which is sufficient to model higher dimensional automata (HDA), at least those modeled by precubical sets [7, 3] . This geometric model of HDA is designed to define and study equivalence relations preserving the computer-scientific properties of the HDA to be modeled so that it then suffices to work in convenient localizations of I gl + cell. The properties which are preserved are for instance the initial or final states, the presence or not of deadlocks and of unreachable states [4] . In this paper, the expressions flow modeling an HDA and flow coming from an HDA will mean I gl + -cell complex. The class S of weak S-homotopy equivalences (cf. Definition 2.15) is an example of class of morphisms of flows which is supposed to preserve various computer-scientific properties (cf. Interpretation 2.18). This class of morphisms of flows satisfies the following properties :
(1) The two-out-of-three axiom, that is if two of the three morphisms f , g and g • f belong to S, then so does the third one : this condition means that the class S defines an equivalence relation. . Indeed, an HDA representing the concurrent execution of n processes must be equivalent to the directed segment in a good homotopical approach of concurrency. The interpretation of this fact is therefore that the class ST 0 of 0-dihomotopy equivalences is not big enough. The root of the latter problem is the bad behavior of the branching space functor (and dually of the merging space functor) with respect to weak S-homotopy equivalences. The branching space functor P − from the category of flows Flow to the category of compactly generated topological spaces Top was also introduced in [4] to fit the definition of the branching semi-globular nerve of a strict globular ω-category modeling an HDA introduced in [6] . Loosely speaking, the branching space of an HDA is the space of germs of nonconstant execution paths beginning in the same way, as explained in Proposition 3.1.
Weak S-homotopy equivalences are supposed to preserve the computer-scientific properties of flows but one has Corollary 3.7 There exists a weak S-homotopy equivalence of flows f : X −→ Y such that X is an I gl + -cell complex and such that the topological spaces P − X and P − Y are not weakly homotopy equivalent.
If the category of flows Flow is given the model structure recalled in Theorem 2.16 and if the category of compactly generated topological spaces Top is given the model structure recalled in Theorem 3.9, one has : Theorem 3.10 There exists a functor C − : Top −→ Flow such that the pair of functors P − : Flow ⇄ Top : C − is a Quillen adjunction.
Let Ho(Top) be the localization of Top with respect to weak homotopy equivalences. As an application of the general theory of left derived functors, one obtains Moreover for any flow X modeling an HDA, the topological spaces hoP − X and P − X are homotopy equivalent.
The rest of the paper is devoted to examining and correcting the notion of weak dihomotopy equivalence using the homotopy branching and merging space functors. Using the homotopy branching space functor, Definition 6.1 introduces a new class ST 2 of morphisms of flows such that For obvious reasons, the morphisms of ST 2 cannot satisfy the two-out-of-three axiom. So a third class ST 3 of morphisms of flows, and the last one for this paper, is introduced with Definition 6.11 and one obtains The paper is organized as follows. Section 3 is devoted to making explicit the bad behavior of the branching space functor and to the construction of its left derived functor. Section 3 ends with several useful technical lemmas about branching and merging spaces. Section 4 is a technical section which aims at proving that the restriction of a cofibrant flow is still a cofibrant flow (cf. Theorem 4.22). The proof of this fact requires the introduction of the category of non-associative flows. Section 5 recalls the notion of weak dihomotopy introduced in [4] . It is called 0-dihomotopy equivalence in this paper because it is the version number 0. Section 5 also shows the bad behavior of this notion. The notion of 1-dihomotopy equivalence is then put forward to overcome the problem. The purpose of Section 6 is to use the construction of the homotopy branching space functor made in Section 3 to obtain a better description of the localization of the category of I gl + -cell complexes with respect to 1-dihomotopy equivalences. Finally, Section 7 summarizes the properties satisfied or not by the notions of weak dihomotopy equivalence presented here.
2. Reminder about the category of flows 2.1. Model category. If C is a category, one denotes by M ap(C) the category whose objects are the morphisms of C and whose morphisms are the commutative squares of C.
In a category C, an object x is a retract of an object y if there exists f : x −→ y and
Definition 2.1. Definition 2.5. [9, 8] An object X of a model category C is cofibrant (resp. fibrant) if and only if the canonical morphism ∅ −→ X from the initial object of C to X (resp. the canonical morphism X −→ 1 from X to the final object 1) is a cofibration (resp. a fibration). By a compact space, we mean a compact Hausdorff topological space. A k-space X is a topological space such that for any continuous map f : K −→ X with K compact, U ⊂ X is open (resp. closed) if and only if f −1 (U ) is open (resp. closed) in K. A topological space X is weak Hausdorff if and only if for any continuous map f :
Definition 2.6. A compactly generated topological space is by definition a weak Hausdorff k-space. The corresponding category with the continuous maps as morphims is denoted by Top.
The category Top of compactly generated topological spaces is complete, cocomplete and cartesian closed (more details for this kind of topological spaces in [2, 11] , the appendix of [10] and also the preliminaries of [4] ). Let us denote by TOP (X, −) the right adjoint of the functor − × X : Top −→ Top. For the sequel, any topological space will be supposed to be compactly generated.
Definition 2.7. [4]
A flow X consists of a topological space PX, a discrete space X 0 , two continuous maps s and t from PX to X 0 and a continuous and associative map * : {(x, y) ∈ PX × PX; t(x) = s(y)} −→ PX such that s(x * y) = s(x) and t(x * y) = t(y). A morphism of flows f : X −→ Y consists of a set map f 0 : X 0 −→ Y 0 together with a continuous map
The corresponding category will be denoted by Flow. The topological space X 0 is called the 0-skeleton of X. Its elements are called the states of X. The elements of PX are called the non constant execution paths of X. An element α of X 0 is called an initial state (resp. final state) if α / ∈ t(X 0 ) (resp. α / ∈ s(X 0 )).
Definition 2.10.
[4] Let Z be a topological space. Then the globe of Z is the flow Glob(Z) defined as follows : Glob(Z) 0 = {0, 1}, PGlob(Z) = Z, s = 0, t = 1 and the composition law is trivial.
Definition 2.11. [4]
The directed segment − → I is the flow defined as follows : 
is the flow obtained by identifying the final state of Glob(Z) with the initial state of Glob(T ). In other terms, one has the pushout of flows :
Let n 1. Let D n be the closed n-dimensional disk defined by the set of points (x 1 , . . . , x n ) of R n such that x 2 1 + · · · + x 2 n 1 endowed with the topology induced by that of R n . Let S n−1 = ∂D n be the boundary of D n for n 1, that is the set of (x 1 , . . . , x n ) ∈ D n such that x 2 1 + · · · + x 2 n = 1. Notice that S 0 is the discrete two-point topological space {−1, +1}. Let D 0 be the one-point topological space. Let S −1 = ∅ be the empty set.
Let I gl be the set of morphisms of flows Glob(S n−1 ) → Glob(D n ) for n 0. Denote by I gl + be the union of I gl with the two morphisms of flows R : {0, 1} → {0} and C : ∅ ⊂ {0}. (1) For any x and y in PX such that t(x) = s(y), the equality h − (x) = h − (x * y) holds.
(2) Let φ : PX −→ Y be a continuous map such that for any x and y of PX such that t(x) = s(y), the equality φ(x) = φ(x * y) holds. Then there exists a unique continuous map φ :
Moreover, one has the homeomorphism
Proof. Consider the intersection of all equivalence relations whose graph is closed in PX × PX : one obtains an equivalence relation R − . The quotient PX/R − equipped with the final topology is still a k-space since the colimit is the same in the category of k-spaces and in the category of general topological spaces, and is weak Hausdorff as well since the diagonal of PX/R − is closed in PX/R − × PX/R − (more details for this kind of topological spaces in [2, 11] , the appendix of [10] and also the preliminaries of [4] ). Let φ : PX −→ Y be a continuous map such that for any x and y of PX with t(x) = s(y), the equality φ(x) = φ(x * y) holds. Then the equivalence relation on PX defined by "x equivalent to y if and only if φ(x) = φ(y)" has a closed graph which contains the graph of R − . Hence the remaining part of the statement. We are going to see that this definition is badly behaved. Proposition 3.3. Let Z be a flow such that Z 0 = {α, β, γ} and such that PZ = P α,β Z ⊔ P β,γ Z ⊔ P α,γ Z. Such a flow Z is entirely characterized by the three topological spaces P α,β Z, P β,γ Z and P α,γ Z and the continuous map P α,β Z × P β,γ Z −→ P α,γ Z. Moreover, one has the pushout of topological spaces
It suffices to check that the universal property of P − Z is satisfied.
Let X and Y be the flows defined as follows :
(
6) the composition law P α,β X × P β,γ X −→ P α,γ X is given by the composite
where φ is the homeomorphism defined by
Then one has the pushouts of compactly generated topological spaces
One has the pushout of compactly generated topological spaces
Proof. It suffices to prove that the colimit of the underlying diagram of sets equipped with the final topology is compact. Indeed, by considering the final topology, one obtains the colimit in the category of k-spaces. But this colimit being compact and therefore Hausdorff, it is already weak Hausdorff. So the final topology equipping R ⊔ {(1, 0, 0)} is nothing else but the Alexandrov compactification of R, hence the result.
Corollary 3.5. P − X = S 2 ⊔ {0} and Proof. Take the identity of {α, β, γ} on the 0-skeleton. Take the identity of S 2 for the restriction f :
Then it suffices to pose f (0) = u for 0 ∈ P α,β X and f (0) = v for 0 ∈ P β,γ X. 
So we have obtained

One then has :
Theorem 3.10. There exists a functor C − : Top −→ Flow such that the pair of functors P − : Flow ⇄ Top : C − is a Quillen adjunction. In particular, the homeomorphism
Proof. Let us define the functor C − : Top −→ Flow as follows :
which provides the set map
Therefore Pg factors uniquely as a composite PX −→ P − X −→ Z by Proposition 3.1. So one has the natural isomorphism of sets
A morphism of flows f : X −→ Y is a fibration if and only if Pf : PX −→ PY is a fibration. Therefore C − is a right Quillen functor and P − is a left Quillen functor. Proof. If X is a cofibrant flow, then the morphism of flows ∅ −→ X is a cofibration. Since P − is a left Quillen functor, P − ∅ −→ P − X is a cofibration of topological spaces. Therefore P − X is cofibrant.
Let X be a I gl + -cell complex, that is X = lim − →µ<λ X µ where λ is an ordinal, where X 0 = X 0 and where the morphism X µ −→ X µ+1 is a pushout
of the inclusion of flows Glob(S nµ ) −→ Glob(D nµ+1 ) for any ordinal µ for some n µ −1 and where X ν = lim − →µ<ν X µ for any limit ordinal ν. Then one has the pushout of topological spaces
and the homeomorphisms P − X ∼ = lim − →µ<λ P − X µ . More precisely, one has the pushout of topological spaces
and the homeomorphism 
If
such that H(0) = f and H(1) = g. We denote this situation by f ∼ S g. 
We are going to need the category of non-contracting topological 1-categories defined below for the proof of Theorem 3.17. 
for any topological 1-categories X, Y and Z. Moreover, one has the natural homeomorphism
With the tools above at hand, we can now prove the Proof. The functor P − : Flow −→ Top yields a set map
One has to prove that this set map is continuous. By Yoneda's lemma, one has an isomorphism between the set
where Nat(F, G) denotes the set of natural transformations from a functor F to another functor G. Let U be a topological space. Then U can be viewed as a non-contracting topological 1-category if U is identified with its 0-skeleton. Then
−→ Top be the functor defined as follows : if X is an object of 1Cat top 1 , then the topological space P − X is the quotient of the topological space PX by the topological closure of the smallest equivalence relation identifying x and x * y for any x, y ∈ PX such that t(x) = s(y). Clearly, one has the commutative diagram of functors is the canonical embedding. The non-contracting topological 1-category U ⊗X looks as follows : the 0-skeleton is equal to U × X 0 and the path space is equal to U × PX with the composition law characterized by s(u, x) = (u, sx), t(u, x) = (u, tx) and (u, x) * (u, y) = (u, x * y). Therefore there exists a natural homeomorphism P − (U ⊗ X) ∼ = U × P − X. So the functor P − : 1Cat
, one obtains by composition a natural set map
which by Yoneda's lemma provides a continuous map
whose underlying set map is exactly the set map Flow(X, Y ) −→ Top (P − X, P − Y ) induced by the functor P − : Flow −→ Top.
Corollary 3.18. Let f and g be two S-homotopy equivalent morphisms of flows from X to Y . Then the continuous maps P − f and P − g from P − X to P − Y are homotopy equivalent. Proof. This is a consequence of Corollary 3.11. Proof. The cofibrant flows Q 1 (X) and Q 2 (X) are weakly S-homotopy equivalent to X and therefore are S-homotopy equivalent. So by Corollary 3.19, the topological spaces P − Q 1 (X) and P − Q 2 (X) are homotopy equivalent. Proof. If X and Y are weakly S-homotopy equivalent, then consider the commutative diagram of flows
If f is a weak S-homotopy equivalence, then by the "two-out-of-three" axiom, Q(f ) :
is a weak S-homotopy equivalence, and therefore a S-homotopy equivalence of flows. So by Corollary 3.19, the topological spaces hoP − X and hoP − Y are homotopy equivalent. Proof. The trivial fibration Q(X) −→ X is a S-homotopy equivalence as soon as X is cofibrant. So again by Corollary 3.19, the topological spaces P − Q(X) and P − X are homotopy equivalent.
The homotopy branching space functor satisfies the following universal property : Proof. The natural transformation Q ⇒ Id gives rise to the commutative diagram of flows
Computer-scientific interpretation 3.27. Up to homotopy, the homotopy branching space hoP − (X) is well-defined and coincides with P − X for any cofibrant flow, so in particular for any flow coming from an HDA. The behavior of the branching space functor and the homotopy branching space functor are the same up to homotopy for flows modeling HDA and differs for other flows.
3.3.
Other results about the branching and merging spaces. We collect in this section other results that will be useful for the sequel. Proof. Obvious.
Proposition 3.31. Let X be a flow. Let A, B and C be three subsets of X 0 . Assume that
There exists γ 3 ∈ PX such that s(γ 3 ) ∈ C and t(γ 3 ) = s(γ 1 ) since B ≪ C. There exists γ 4 ∈ PX such that t(γ 4 ) ∈ C and s(γ 4 ) = t(γ 2 ) since B ≪ C. Then γ 3 * γ 1 is an execution path such that s(γ 3 * γ 1 ) ∈ C and t(γ 3 * γ 1 ) = α. And γ 2 * γ 4 is an execution path such that s(γ 2 * γ 4 ) = α and t(γ 2 * γ 4 ) ∈ C. The proof is complete. 
Proof. We already proved that
Y is weakly homotopy equivalent to P β 1 ,α X, then the latter space is non empty as well. Since P f (α),f (β 2 ) Y is weakly homotopy equivalent to P α,β 2 X, then the latter space is non empty as well. Hence the result.
Proposition 3.34. (Branching space and restriction) Let X be a flow. Let A be a subset of X 0 . Suppose that for any β ∈ X 0 \A, there exists γ β ∈ PX such that s(γ β ) = β and t(γ β ) ∈ A. Then for any α ∈ A, the inclusion X ↾ A −→ X induces an homeomorphism
The identity maps of P α,β X for β ∈ A and the mappings γ → γ * γ β from P α,β X to P α,t(γ β ) X for β ∈ X 0 \A induce a continuous map
is the identity. The composite
as well. Therefore g factors uniquely as a composite
and so one obtains the composite
Therefore the topological spaces P − α (X ↾ A ) and P − α X satisfy the same universal property.
Proposition 3.35. Let X be a flow. There exists a topological space P + X unique up to homeomorphism and a continuous map h + : PX −→ P + X satisfying the following universal property :
(1) For any x and y in PX such that t(x) = s(y), the equality h + (y) = h + (x * y) holds.
(2) Let φ : PX −→ Y be a continuous map such that for any x and y of PX such that t(x) = s(y), the equality φ(y) = φ(x * y) holds. Then there exists a unique continuous map φ :
Moreover, one has the homeomorphism
The mapping X → P + X yields a functor P + : Flow −→ Top. Definition 3.36. Let X be a flow. The topological space P + X is called the merging space of the flow X. Proposition 3.37. (Merging space and restriction) Let X be a flow. Let A be a subset of X 0 . Suppose that for any β ∈ X 0 \A, there exists γ β ∈ PX such that s(γ β ) ∈ A and t(γ β ) = β. Then for any α ∈ A, the inclusion X ↾ A −→ X induces an homeomorphism
The end of this section summarizes some other results about the merging space functor without proof : Theorem 3.39. There exists a functor C + : Top −→ Flow such that the pair of functors P + : Flow ⇄ Top : C + is a Quillen adjunction. In particular, the homeomorphism
Proof. The functor C + : Top −→ Flow is defined as follows : C + (Z) 0 = {0}, PC + (Z) = Z with the composition law pr 2 : (z 1 , z 2 ) → z 2 . The proof is similar as that of Theorem 3.10.
Corollary 3.40. Let X be a cofibrant flow. Then the topological space P + X is cofibrant.
and the homeomorphisms P + X ∼ = lim − →µ<λ P + X µ . More precisely, one has the pushout of topological spaces
and the homeomorphism α =φµ(1) We conclude this section by an additional remark about these Quillen adjunctions.
Theorem 3.45. The Quillen adjunctions P − : Flow ⇄ Top : C − and P + : Flow ⇄ Top :
Proof. Indeed, one has
If Z −→ T is a fibration of topological spaces, then both C − Z −→ C − T and C + Z −→ C + T are fibrations of flows by Theorem 2.16. Since a product of fibrations is a fibration, then C − × C + is a right Quillen adjoint. And therefore P − ⊔ P + is a left Quillen adjoint.
None of the Quillen adjunctions P − : Flow ⇄ Top : C − , P + : Flow ⇄ Top : C + and P − ⊔ P + : Flow ⇄ Top : C − × C + gives rise to a Quillen equivalence. For obvious reasons, the geometry of the branching space, the merging space or both together cannot characterize a flow. Indeed, the information about how branchings and mergings are related to one another is missing.
Cofibrant flow and restriction
This section is devoted to proving the following theorem : 
The corresponding category is denoted by naFlow. Proof. The proof of the completeness and the cocompleteness of the category of nonassociative flows goes as in the case of associative flows [4] and the forgetful functor ω : Flow −→ naFlow clearly preserves limits. It then suffices to check that the latter functor satisfies the solution set condition.
The category of non-associative flows can be given a model structure exactly as that of the category of associative flows. Proof. The proof goes exactly as for associative flows [4] . The only slight difference is that the free non-associative flow generated by the data s : PX −→ X 0 and t : PX −→ X 0 contains more products than in the associative case since the composition law is not associative anymore. Proof. It suffices to verify that ω is a right Quillen functor. It then suffices to notice that ω preserves fibrations and trivial fibrations.
4.2.
Reminder about the Reedy model structure. The purpose of the two following sections is to find a characterization of cofibrant non-associative flows. We need first to recall few things about the Reedy model structure. If B is a small category and if is C a category, let us denote by C B the category of diagrams of objects of C based on the category B, or in other terms the category of functors from B to C. 
is a cofibration of C (3) a fibration if and only if for any object b of B, the morphism
The key lemma for the sequel is 
is the identity map. Therefore the constant diagram functor C −→ C B is a right Quillen functor, i.e. it preserves fibrations and trivial fibrations. According to [8, 9] , one deduces that the colimit functor is a left Quillen functor. Theorem 4.13. Let X be a flow (associative or not) such that for any (α, β) ∈ X 0 × X 0 , the topological space P α,β X is cofibrant and the continuous map
induced by the composition law of X is a cofibration. Then the flow X is cofibrant.
Proof. Let X be a flow satisfying the hypotheses of the theorem. The principle of the proof consists of finding a diagram of flows E(X) depending on X which is cofibrant for a suitable Reedy model structure. Since the colimit functor will be a left Quillen functor, the flow X ∼ = E(X) will be cofibrant.
Let us consider the small category J (X) generated by three objects 1, 2 and 3 and by the arrows * : 1 −→ 2, ℓ : 1 −→ 3 and the arrows h α 1 : 2 −→ 3 and h α 2 : 2 −→ 3 for α running over X 0 .
The diagram of flows E(X) : J (X) −→ Flow is then defined as follows. For the objects, let
For the arrows, let E(X)( * ) : E(X)(1) −→ E(X)(2) be the morphism of flows induced by the composition law of X. Let E(X)(ℓ)E(X)(1) −→ E(X)(3) be the morphism of flows induced by the identity of P α,β X × P β,γ X for (α, β, γ) running over X 0 × X 0 × X 0 .
For a given γ ∈ X 0 , there exists a canonical morphism of flows from Glob(P α,β X) to Glob(P α,β X) * Glob(P β,γ X) induced by the identity of P α,β X for (α, β) running over X 0 × X 0 , hence a morphism of flows
For a given α ∈ X 0 , there exists a canonical morphism of flows from Glob(P β,γ X) to Glob(P α,β X) * Glob(P β,γ X) induced by the identity of P β,γ X for (β, γ) running over X 0 × X 0 , hence a morphism of flows
The identity maps of P α,β X for (α, β) running over X 0 × X 0 give rise to a morphism of flows from lim − → E(X) to X. Hence a set map Flow(X, Y ) −→ Flow(lim − → E(X), Y ) for any flow Y . Let φ : lim − → E(X) −→ Y be a morphism of flows. Then φ yields the morphisms of flows
and therefore the morphisms of flows ψ 2 α,β : Glob(P α,β X) −→ Y for (α, β) running over X 0 × X 0 . Let x ∈ P α,β X and y ∈ P β,γ X. Then
hence a set map Flow(lim − → E(X), Y ) −→ Flow(X, Y ). Therefore one has the isomorphism
. Using Yoneda's lemma, one deduces the isomorphism of flows X ∼ = lim − → E(X). The small category J (X) is given a Reedy structure where the object 1 is of degree 1, the object 2 is of degree 2 and the object 3 is of degree 3. Since J (X) − = ∅, the condition of Lemma 4.11 is satisfied. It remains to prove that under the hypothesis of the theorem, the diagram E(X) is cofibrant for the Reedy model structure. One has for this Reedy structure
Therefore the diagram E(X) is cofibrant if and only if the morphisms of flows
are cofibrations. The third one is the identity at the level of non-constant execution paths and a composition of pushouts of the cofibration {0, 1} −→ {0}. Therefore the third morphism is a cofibration. Let us consider a commutative diagram of flows
where p : U −→ V a trivial fibration of flows. In particular, this implies that p 0 : U 0 −→ V 0 is an isomorphism. Hence the construction of g 0 . And one has the commutative square of topological spaces
Since Pp : PU −→ PV is a trivial fibration and since by hypothesis, the map * :
is a cofibration, then the continuous map Pg making everything commutative in the square exists. Therefore the morphism of flows γ∈X 0 Glob(P α,γ X × P γ,β X) −→ Glob(P α,β X) is a cofibration of flows. So the second map is a cofibration. The first map is a cofibration for similar reasons : it suffices to verify that P α,β X × P β,γ X is a cofibrant topological space, which is Proposition 4.14.
Proposition 4.14. Let U and V be two cofibrant topological spaces. Then the topological space U × V is cofibrant.
Proof. Let I be the set of continuous maps S n−1 −→ D n for n 0. Let us suppose first that ∅ −→ U and ∅ −→ V are both transfinite compositions of pushouts of elements of I. The transfinite compositions given ∅ −→ U and ∅ −→ V necessarily start by the map S −1 −→ D 0 . Since Top is cartesian closed, then the functor − × { * } commutes with colimits. So one can pass from { * }×{ * } to U ×{ * } by a transfinite composition of pushouts of elements of I. Since the functor U × − also commutes with colimits, then one can pass from U × { * } to U × V by a transfinite composition of pushouts of elements of I. Therefore ∅ −→ U × V is a transfinite composition of pushouts of elements of I as well.
If both U and V are cofibrant, then U (resp. V ) is a retract of a topological space U ′ (resp. V ′ ) such that ∅ −→ U ′ and ∅ −→ V ′ are both transfinite compositions of pushouts of elements of I. Therefore ∅ −→ U ×V is a retract of a transfinite composition of pushouts of elements of I. Therefore U × V is cofibrant. Proof. By hypothesis, f is the pushout of a morphism of flows g ∈ I gl + . So one has the pushout of flows
Characterization of the cofibrant non-associative flows. Lemma 4.15. Let X be a cofibrant flow (associative or not). Then for any
If f is a pushout of C : ∅ ⊂ {0}, then PZ = PY . Therefore PZ is cofibrant. If f is a pushout of R : {0, 1} → {0} and if φ(0) = φ(1), then PZ = PY again. Therefore PZ is cofibrant. If f is a pushout of R : {0, 1} → {0} and if φ is one-to-one, then one has the homeomorphism Figure 3 . Construction of PZ Therefore PZ is cofibrant by Proposition 4.14. It remains the case where g is the inclusion Glob(S n−1 ) ⊂ Glob(D n ) for some n 0. Consider the pushout of topological spaces
Then one has the pushout of topological spaces represented in Figure 3 where c is induced by the composition law of Y . So the continuous map PY −→ PZ is a pushout of the inclusion map
which is a cofibration. Therefore PY −→ PZ is a cofibration as well and PZ is thus cofibrant. Proof. In a non-associative I gl + -cell complex, the continuous map
is just a concatenation. Using Proposition 4.14, one deduces that the topological space P α,γ X × P γ,β X is cofibrant for any α, β, γ ∈ X 0 . The proof is complete. For any (α, β) ∈ X 0 × X 0 , the topological space P α,β X is then a retract of P f (α),f (β) Y . Therefore P α,β X is cofibrant. For any (α, β) ∈ X 0 × X 0 , the continuous map
induced by the composition law of X is a retract of the continuous map
which is a cofibration. A retract of a cofibration is still a cofibration. Hence the result. 
One has the isomorphism of sets P 0,0 Z ∼ = {1, 2, 3, . . . } and the continuous map P 0,0 Z × P 0,0 Z −→ P 0,0 Z is nothing else but the mapping (m, n) → m + n. Because of the associativity, 1 + 2 = 2 + 1. Therefore the continuous map P 0,0 Z × P 0,0 Z −→ P 0,0 Z is not one-to-one. So it cannot be a cofibration. Proof. Since X is cofibrant, for any (α, β) ∈ X 0 × X 0 , the topological space P α,β X is cofibrant and the continuous map
induced by the composition law of X is a cofibration. Therefore X ↾ A satisfies the conditions of Corollary 4.19. Therefore X ↾ A is a cofibrant non-associative flow. 
where c is induced by the composition law of Z and pr 1 is the projection on the first factor. Since Z is cofibrant, then c is a cofibration by Corollary 4.19. By Lemma 4.12, the space P − Y is then cofibrant.
Pathological behavior of 0-dihomotopy and correction
5.1. 0-dihomotopy equivalence. Weak S-homotopy equivalences are not sufficient to identify flows having the same computer-scientific properties. This is the reason why the notion of T-homotopy equivalence is introduced in [7] for the category of globular CWcomplexes and in [4] for the category of flows. It is proved in [4] that the definitions are equivalent. The merging of the definition of weak S-homotopy equivalence and of the one of T-homotopy equivalence will be called 0-dihomotopy. We are going to introduce several notions of weak dihomotopy that we will call 0-dihomotopy, 1-dihomotopy, the (n + 1)-dihomotopy notion being an improvement of the n-dihomotopy notion. The ordinal µ 0 cannot be a limit ordinal. Otherwise for any µ < µ 0 , the isomorphisms of flows Y µ = Z µ ⊔ {α} and
Z µ ⊔ {α} would hold : contradiction. Therefore µ 0 = µ 2 + 1 and n µ 2 = −1. There does not exist other ordinal µ such that φ µ (1) = α otherwise P + α Y could not be a singleton anymore. For a slightly different reason, the ordinal µ 1 cannot be a limit ordinal either. Otherwise if µ 1 was a limit ordinal, then the isomorphism of flows Y µ 1 ∼ = lim − →µ<µ1 Y µ would hold. The underlying topological space of a colimit of flows is certainly not the colimit of the underlying topological spaces but any element of PY µ 1 is a composite γ 1 * · · · * γ p where the γ i for 1 i p belong to lim 
Proof. This is a consequence of Theorem 5.5 and Theorem 5.6.
Consider the flow denoted by − → C 3 constructed as follows (cf. Figure 4) : One obtains a flow − → C 1 3 . (4) At this step, the space P (0,0,0), (1, 1, 1) − → C 3 is homeomorphic to S 1 , more precisely it is the pasting of six copies of D 1 , each joining point corresponding to an execution path from (0, 0, 0) to (1, 1, 1) . Or in other terms, at this step, the restriction of
to the subset {(0, 0, 0), (1, 1, 1)} of the 0-skeleton is isomorphic to the flow Glob( S 1 ). Using that isomorphism, one attachs the flow Glob(D 2 ). The flow − → C 3 is constructed. The idea of the proof is that to remove a point of the 0-skeleton of − → C 3 different from the initial and final states, the only method is to use the morphism of flows − → I −→ − → I * − → I . But at least three non-constant execution paths start from or end to such a state (see Figure 4) .
Proof. Let us suppose that the flows − → C 3 and − → I are 0-dihomotopy equivalent. Then there exists a zig-zag sequence of 0-dihomotopy equivalences relating − → C 3 and − → I . Let us say a sequence of 0-dihomotopy equivalences
By Theorem 5.7, one can suppose that each f i is either a weak S-homotopy equivalence or a pushout of the morphisms of flows
A 0-dihomotopy equivalence is one-to-one on the 0-skeleton. Therefore for any i, f 2i : X 0 2i −→ X 0 2i+1 and f 2i+1 : X 0 2i+2 −→ X 0 2i+1 are one-to-one. Take an element of the 0-skeleton of − → C 3 different from (0, 0, 0) and (1, 1, 1), let us say (0, 0, 1). Consider the non-constant execution path c 1 = (0, 0, * ) going from (0, 0, 0) to (0, 0, 1) and the non-constant execution path c 2 = (0, * , 1) * ( * , 1, 1) going from (0, 0, 1) to (1, 1, 1) .
The element f 0 ((0, 0, 1)) of X 0 1 belongs or does not belong to f 1 (X 0 2 ). In the latter case, the process stops. In the former case, let us still denote by (0, 0, 1) the unique element of X 0 2 such that f 1 ((0, 0, 1)) = f 0 ((0, 0, 1)). Let us suppose that this process goes until the end. Then the state (0, 0, 1) of − → I is either its initial or its final state. The execution path f 0 (c 1 ) of PX 1 then belongs by hypothesis to the restriction of X 1 over f 1 (X 0 2 ). This restriction is by hypothesis weakly S-homotopy equivalent to X 2 . In particular, this implies that the set of path-connected components of P X 1 ↾ f 1 (X 0 2 ) and that of PX 2 are isomorphic. So there exists an execution path c 1 of X 2 such that f 1 (c 1 ) ∼ S f 0 (c 1 ). After a finite number of iterations, one obtains an execution path c 1 in X 2n = − → I from the initial state of − → I to (0, 0, 1) ∈ − → I . Therefore (0, 0, 1) ∈ − → I is the final state of − → I . Using c 2 , one deduces in the same way that there exists an execution c 2 from (0, 0, 1) ∈ − → I to the final state of − → I . So (0, 0, 1) ∈ − → I is the initial state of − → I . Contradiction. Therefore there exists i such that f 2i ((0, 0, 1)) / ∈ f 2i+1 (X 0 2i+2 ). The proof holds for any element α of − → C 0 3 \{(0, 0, 0), (1, 1, 1)}. So for any such α, there exists h(α) such that α ∈ X 0 2α and
is then a pushout of the morphisms of flows
. This is impossible because at least two distinct execution paths start or end at f 2h(α 0 ) (α 0 ) ∈ X 0 2h(α 0 )+1 (cf. Figure 4) . Proposition 5.9. 
This monoidal structure above is a closed symmetric monoidal structure but we will not need this fact here. Proof. The 0-skeleton of − → I ⊗3 is {0, 1}×{0, 1}×{0, 1}, and therefore equal to the 0-skeleton of − → C 3 . Then one considers the unique morphism of flows f :
, either both P α,β − → C 3 and P α,β − → I ⊗3 are empty, or P α,β − → C 3 is contractible and P α,β − → I ⊗3 is a singleton. The proof is complete. Proof. Let us come back to the last attachment in the construction of − → C 3 , that is the pushout of flows
We saw that the morphism of flows j : Glob(
} is an isomorphism of flows. So the morphism of flows j ′ : Glob( 
where the morphism t 0 , . . . , t n−1 are morphisms of T 1 (see for example [1] Proposition 5.2.2 for a construction of the localization). Assume first that n = 1. One then has the following situation
One has the following commutative diagram of flows
which gives rise to the commutative diagram of flows
? Proof. Let X be the following flow : Let Z be the flow defined by
(3) the composition law P 1,2 Z × P 2,3 Z −→ P 1,3 Z is given by the composite
The morphism of flows f : X −→ Y is defined by
The restriction f : X −→ Y ↾ {0,2,3} is a weak S-homotopy equivalence. The topological space P + 1 Y is a singleton. And one has the pushout of topological spaces
because of Proposition 3.1 where pr 1 is the projection on the first factor. Therefore the homeomorphism P The morphism g : Y −→ Z is obviously a weak S-homotopy equivalence. The topological space P + 1 Z is still a singleton. We are going to prove that P − 1 Z is homeomorphic to S 1 . This will prove that the composite g • f is not a 1-dihomotopy equivalence. One has the pushout of topological spaces
because of Proposition 3.1. Therefore one has the diagram of compactly generated topological spaces
, one obtains the homeomorphism T ∼ = S 1 . So the cocartesian diagram of compactly generated topological spaces
holds. The topological space P − 1 Z is constructed by attaching a 3-dimensional cell to S 1 . Therefore P − 1 Z is cofibrant. Since the inclusion S 2 ⊂ D 3 is a cofibration, then by the cube Lemma ([9] Lemma 5.2.6 or Lemma 4.12), P − 1 Z is weakly homotopy equivalent to the homotopy pushout, and this latter is homotopy equivalent to the mapping cylinder of the map S 2 −→ S 1 . Therefore P 6. An application of the homotopy branching space functor to weak dihomotopy 6.1. 2-dihomotopy equivalence. We are going to modify Definition 5.16 using the homotopy branching and merging space functors. 
Proof. One has the commutative diagram of flows
The vertical maps are weak S-homotopy equivalences. Therefore for any α ∈ X 0 (resp. α ∈ Y 0 ), the topological spaces hoP 
where the first morphism is a weak S-homotopy equivalence. Since both flows Q(X) and Q(Y ) ↾ f (X 0 ) are cofibrant by Theorem 4.22, the first morphism is therefore a S-homotopy equivalence. By Corollary 3.19, the topological spaces P ± α Q(X) and P ± α Q(Y ) ↾ f (X 0 ) are homotopy equivalent. The second morphism satisfies the hypotheses of Proposition 3.34 and Proposition 3.37. Therefore the homeomorphisms
Proof. If u and v are two elements of X 0 , one has the composite of weak homotopy equiva-
). There are two mutually exclusive cases :
) is a weak S-homotopy equivalence, then g induces a weak homotopy equivalence of topological spaces hoP Proof. Let α and β be two elements of X 0 . Then the map
is a weak homotopy equivalence since g is a 2-dihomotopy equivalence. And the composite map
is a weak homotopy equivalence since g•f is a 2-dihomotopy equivalence. Therefore the map
and Proposition 3.31. Since g is a 2-dihomotopy equivalence, and by Proposition 3.33, one obtains
. Therefore both topological spaces hoP ± g(α) Z are weakly contractible since g •f is a 2-dihomotopy equivalence. Since g : Y −→ Z ↾ g(Y 0 ) is a weak S-homotopy equivalence, then by Proposition 3.24 and by Theorem 6.2, the continuous map hoP Proof. Since f is a weak S-homotopy equivalence of flows, then f induces an isomorphism between X 0 and Y 0 . Let f (α) and f (β) be two elements of Y 0 . Then both continuous map P α,β X −→ P f (α),f (β) Y and the composite P α,β X −→ P f (α),f (β) Y −→ P g(f (α)),g(f (β)) Z are weak homotopy equivalences of topological spaces. Therefore the continuous map
Z is a weak homotopy equivalence of spaces. Since g • f is a 2-dihomotopy equivalence of flows, Since for any object X of Flow, the cofibrant replacement Q(X) is an object of I gl + cell which is 2-dihomotopy equivalent to X, it suffices to prove that this functor is full and faithful, that is for any object X and Y of I 
where the t i are 2-dihomotopy equivalences. Then one can consider the commutative diagram in Flow
By Proposition 6.6, each Q(t i ) is a 2-dihomotopy equivalence. The bottom composite of arrows is equal in Flow[ST has no reasons to be satisfied by 2-dihomotopy equivalences. Indeed, if both g • f and f are two one-to-one set maps, then g has no reasons to be one-to-one as well. Therefore in order to understand the isomorphisms of Flow[ST Proof. Let A ⊂ X 0 . Then A is essential if and only if f (A) is essential since f is a 3-dihomotopy equivalence. And f (A) is essential if and only if g(f (A)) is essential since g is a 3-dihomotopy equivalence. Therefore A is essential if and only if g(f (A)) is essential.
Let A ⊂ X 0 . If A is essential then there exists B ⊂ A essential such that the restriction f : X ↾ B −→ Y ↾ f (B) is a weak S-homotopy equivalence. Since f (B) is essential, then there exists C ⊂ f (B) essential such that the restriction f : Y ↾ C −→ Z ↾ g(C) is a weak S-homotopy equivalence. Then f −1 (C) is essential since f is a 3-dihomotopy equivalence. And the composite X ↾ f −1 (C) −→ Y ↾ C −→ Z ↾ g(C) is a composite of two weak S-homotopy equivalences, and therefore is a weak S-homotopy equivalence as well. Therefore g • f is a 3-dihomotopy equivalence. Proof. Let A be a subset of X 0 . Then A is essential if and only if g(f (A)) is essential since g • f is a 3-dihomotopy equivalence, and if and only if f (A) is essential since g is a 3-dihomotopy equivalence.
Let A be an essential subset of X 0 . Then there exists B ⊂ A essential such that the composite
is a weak homotopy equivalence since g • f is a 3-dihomotopy equivalence. Since f (B) is essential and since g is also a 3-dihomotopy equivalence, then there exists C ⊂ f (B) essential such that the restriction Y ↾ C −→ Z ↾ g(C) is a weak homotopy equivalence. Then the composite
is a weak homotopy equivalence therefore the mapping X ↾ f −1 (C) −→ Y is a weak homotopy equivalence as well. So f is a 3-dihomotopy equivalence. Proof. Let A be a subset of Y 0 . Then A is essential if and only if f −1 (A) is essential since f is a 3-dihomotopy equivalence, and if and only if g(f (f −1 (A))) = g(A) is essential since g • f is a 3-dihomotopy equivalence.
Let A be an essential subset of Y 0 Then f −1 (A) and g(A) are essential subsets of respectively X 0 and Z 0 . Since g • f is a 3-dihomotopy equivalence, then there exists B ⊂ f −1 (A) essential such that the composite
is a weak homotopy equivalence since g • f is a 3-dihomotopy equivalence. Since f is a 3-dihomotopy equivalence, there exists C ⊂ B essential such that the map X ↾ C −→ Y ↾ f (C) is a weak homotopy equivalence. Then the composite
is a weak homotopy equivalence as well. Therefore the mapping
is a weak homotopy equivalence and f (C) ⊂ f (B) ⊂ A. 
Conclusion : towards a fourth construction
For a given class E of morphisms, the following table tells us whether the following properties are satisfied or not :
(1) The class E identifies the flows − → C 3 and − → I in I gl + cell (2) f ∈ E and g ∈ E =⇒ g • f ∈ E (3) g ∈ E and g • f ∈ E =⇒ f ∈ E (4) f weak S-homotopy equivalence and g • f ∈ E =⇒ g ∈ E (5) f ∈ E and g • f ∈ E =⇒ g ∈ E (6) f ∈ E ⇐⇒ Q(f ) ∈ E where Q is a cofibrant replacement functor for Flow (7) f ∈ E implies that any retract of f still belongs to E (8) The embedding functor I gl + cell −→ Flow induces a functor
which reflects isomorphisms.
Class E P1 P2 P3 P4 P5 P6 P7 P8 Weak S-homotopy equivalence no yes yes yes yes yes yes yes 0-dihomotopy equivalence no no n.c. n.c. no no n.c. no 1-dihomotopy equivalence yes no n.c. n.c. no n.c. n.c. unknown 2-dihomotopy equivalence yes yes yes yes no yes yes yes 3-dihomotopy equivalence yes yes yes yes yes yes unknown yes "n.c." means not checked, because without interest.
The following commutative diagram summarizes the situation for the corresponding localizations :
w w n n n n n n n n n n n n ( ( I The symbol ≃?? means that we do not know whether the functor is an equivalence of categories or not. The symbol ≃ means that the corresponding functor is not an equivalence. It remains to explain the construction of the functor Flow[ST There exists maybe a fourth possible approach of weak dihomotopy. It could use an analogue for the category of flows of the biglobular nerve functor defined in [5] in the framework of ω-categories. Indeed, a simplicial topological space N bigl (X) (i.e. a simplicial object in the category of compactly generated topological spaces) can be associated to any flow X as follows. For (α, β) ∈ X 0 × X 0 , either α = β and let P α,α X = P α,α X ∪ {α}, or α = β and let P α,β X = P α,β X. The set of P α,β X for (α, β) running over X 0 × X 0 defines a small category enriched over the category of compactly generated topological spaces. The simplicial nerve N bigl (X) of this enriched category contains a complete description of the flow. Indeed, the simplicial structure contains the information concerning the composition law of X. So a natural question is to ask whether it is possible to characterize the morphisms of flows f which are invertible in I 2 ] by a condition on the morphism of simplicial topological spaces N bigl (f ). This will be hopefully the subject of a future work.
